Ellipticity in Pseudodifferential 
Algebras of Toeplitz Type 

Jorg Seiler 

Abstract. Let L* be a filtered algebra of abstract pseudodifferential opera- 
tors equipped with a notion of ellipticity, and T* be a subalgebra of operators 
of the form P\APq, where Pq and Pi are two projections, i.e., P^ = Pj. The 
elements of L* act as linear continuous operators in certain scales of abstract 
Sobolev spaces, the elements of the subalgebra in the corresponding subspaces 
determined by the projections. We study how the ellipticity in L* descends 
to T* , focusing on parametrix construction, Fredholm property, and homo- 
geneous principal symbols. Applications concern SG-pscudodifferential opera- 
tors, pseudodifferential operators on manifolds with conical singularities, and 
Boutet de Monvel's algebra for boundary value problems. In particular, we 
derive invertibilty of the Stokes operator with Dirichlet boundary conditions 
in a subalgebra of Boutet de Monvel's algebra. We indicate how the concept 
generalizes to parameter-dependent operators. 
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1. Introduction 

One of the major ideas in the theory of pseudodifferential operators is to study 
existence and regularity of solutions to partial differential equations in terms of 
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a parametrix construction within an algebra of pseudodiffcrcntial operators. For 
example, given a /i-th order differential operator A on a closed smooth manifold 
M whose homogeneous principal symbol is pointwise invertible on the unit co- 
sphere bundle of M, one can construct a pseudodifferential operator B of order 
—\x such that both AB — 1 and BA — 1 are smoothing operators, i.e., are integral 
operators with a smooth integral kernel. Such an operator B is called a parametrix 
of A. Concerning the partial differential equation Au — f this has two important 
consequences: 

(1) Fredholm property: If H S (M) denotes the standard L2-Sobolev space of 
regularity s, the operator A : H S (M) — > H S ~^(M) is a Fredholm operator, 
i.e., its kernel is finite dimensional and its range is finite co-dimensional. 
Hence for any / satisfying a finite number of orthogonality conditions, the 
(affine) solution space is finite dimensional. 

(2) Elliptic regularity: If / has regularity s — /i then any solution u which has 
some a-priori regularity t must have regularity s. 

The first property holds since smoothing operators are compact operators in any 
H S {M), the second is due to the fact that B : H s ~ ,l (M) -> H S (M) and due to the 
smoothing property of the remainders. 

This concept - to embed differential operators in a class of pseudodiffcrcntial oper- 
ators and to construct parametrices to elliptic elements and to obtain the Fredholm 
property and elliptic regularity of solutions - has by now been realized for a huge va- 
riety of different kinds of differential operators. Just to name a few, let us mention 
Boutet de Monvel's algebra for boundary value problems [Bo 71], Schulze's cal- 
culi for manifolds with conical singularities, edges or higher singularities [Sch91 , 
[ES97 , and Melrose's b-calculus Me93 for manifolds with corners. 

Boutet de Monvel's algebra for boundary value problems on a compact manifold 
M with smooth boundary consists of operators of the form 



where Ej and Jj are vector bundles over M and dM, respectively, which are allowed 
to be zero dimensional. Here, A + is the "restriction" of a pseudodifferential operator 
A on the double of M to M, G is a so-called singular Green operator, K is a potential 
operator, T is a trace operator, and Q is a usual pseudodifferential operator on 
the boundary. H s refers to the L2-Sobolev spaces. For further information on this 
calculus we refer the reader to |Bo71j , [SchOlj , or [SchrOl] ; in Section 16. f I we 
shortly sketch some details. For example, the Dirichlet problem for the Laplacian 
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is included in this set-up as 



H S - 2 {M) 
H S (M) — > © s > 



H s - 2 (dM) 
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where Tu = S(u\qm) with an invertible pseudodifferential operator S of order 3/2 
on the boundary. The parametrix (which in fact is an inverse in this case) is then of 
the form (^A + + G K^j , where u = (A + + G)f solves Am = / in M and u\qm = 0, 
while u = Kip solves Au = in M and u\qm — S ip. Ellipticity in Boutet 
de Monvel's algebra is determined by the invertibility of both the homogeneous 
principal symbol of A and the principal boundary symbol associated with A. For 
differential problems this corresponds to Shapiro-Lopatinskii ellipticity of boundary 
value problems. 

Many boundary value problems fit into the framework of Boutet de Monvels alge- 
bra. However, there are important exceptions. For example, it is known that Dirac 
operators in even dimension cannot be completed with a boundary condition to 
be an elliptic element in Boutet de Monvel's algebra. For example, the Dirichlet 
condition u M> u\qm in this case cannot be used directly, but can be replaced by 
the Atiyah-Patodi-Singer boundary condition u i— > P{u\qm) where P is the positive 
spectral projection of the tangential operator associated with the Dirac operator. 
In }Sch01j Schulze extended the Boutet de Monvel calculus in such a way that 
problems of APS-type are included. In this extended calculus the operators are of 
the form 

(1.1) 

where Pj are zero-order pseudodifferential operators on the boundary which are 
projections, i.e., P 2 — Pj. Defining the closed subspaces 

H s {dM, Jj,P ) := Pj (H s {dM, Jj)) 

of H s (dM, Jj ) , operators of the form (jl.ip arc considered as a maps 

H S (M,E ) H S -»(M,E X ) 
(1.2) © — > © 

H s {dM,J ,P ) H s -»{dM 1 J ll P 1 ). 

A concept of ellipticity is developed and it is shown that elliptic operators have a 
parametrix of analogous structure, i.e., as in (|1.1[) but with Pq and P\ interchanged. 
For elliptic operators the map (11.2[) is fredholm, and one has elliptic regularity in the 
scale of projected subspaces. In [SS04 and [SS06 Schulze and the author realized 
a similar calculus for boundary value problems without transmission property and 
operators on manifolds with edges, respectively. 
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In the present paper we study such kind of calculi with projections from a general 
point of view. We consider a filtered algebra L* of "abstract" pscudodiffcrential 
operators equipped with a notion of ellipticity that is equivalent to the existence 
of a parametrix modulo smoothing operators, cf. Section [2] for details. Let us de- 
note by T* the subalgebra of operators of the form P\APq : where A belongs to 
L* and Pq, Pi are projections, i.e., Pj = Pj. In view of the structure of classical 
Toeplitz operators on the unit-circlqj we call T* a Toeplitz subalgebra. We shall 
assume that the elements of L* act as linear continuous operators in certain scales 
of "abstract" Sobolev spaces. Applying the projections to these spaces yields a nat- 
ural scale of closed subspaces in which the elements of the Toeplitz subalgebra act. 
Recall that the algebra of operators from (jl.ljl fits in this general framework. In 
Section [3] we show that ellipticity in L* naturally induces a concept of ellipticity in 
the Toeplitz subalgebra T*. Assuming that L* is closed under taking adjoints and 
that ellipticity is equivalent to the Fredholm mapping property, we show that also 
the induced ellipticity in T* is equivalent to the Fredholm mapping property. More- 
over, if ellipticity in L* is characterized by the invertibility of certain "abstract" 
principal symbols, we show how the corresponding symbolic structure looks like in 
the Toeplitz subalgebra. Also we give a sufficient condition insuring the spectral 
invariance of Toeplitz subalgebras. In Section [33] we indicate how our approach can 
be extended to parameter-dependent operators; this will be further developed in a 
separate article. 

In the last three sections we discuss various concrete examples that are all covered 
by our approach. In particular, the above described generalized Boutet de Monvcl 
calculus is obtained as a particular case of our general considerations as we shall 
discuss in Section [5] The other examples concern SG-pseudodifferential operators 
on R™, cf. |Pa72j . |Co76| . |Schr87j . as well as pseudodifferential operators on man- 
ifolds with conical singularities. For the latter we work with Schulze's cone algebra 
|Sch91j . These examples are discussed in Section 0] and Section [5j respectively. 
An important role in the analysis of the Navier-Stokes equations plays the so-called 
Stokes operator, i.e., the Laplacian considered on divergence free (solenoidal) vector 
fields. More precisely, if M is a smoothly bounded compact domain in R n and P 
denotes the Helmholtz projection for M then the Stokes operator with Dirichlet 
boundary conditions is 

(1.3) PA : H*(M,C n ) n {u \ u\ eM = 0} — ► ff*- 2 (M,C"), s > 3/2, 

where ff*(M,C n ) := P(H s (M,C n )) with the usual L 2 -Sobolev space H s (M,C n ) 
of smoothness s. In [Gi81 Giga has shown that in case s = 2 this operator (even 

^which are of the form PMfP where P is the orthogonal projection of L2 (S 1 ) onto the Hardy 
space of functions that extend holomorphically to the unit-disc, and Mf denotes the operator of 
multiplication by a bounded function / on the unit-circle 
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in correponding L p -Sobolev spaces) is the generator of an analytic semigroup and 
that its resolvent has a certain pseudodifferential structure. Grubb [GS9l], [Gr96] 
studied the resolvent in terms of a parameter-dependent Boutet de Monvel algebra. 
In our context of Toeplitz subalgebras, we can view the Stokes operator as an 
element in a Toeplitz subalgebra of Boutet de Monvel's algebra. Taking for granted 
that (|1.3j) is an isomorphism for s = 2 (in fact, it is a self-adjoint positive operator) 
we will derive in Section [6.41 that it is an isomorphism for any s > 3/2 and we shall 
show that the inverse is of the form P(A + + G)P, where A + + G belongs to Boutet 
de Monvel's algebra. Though this result might not be new, it follows without effort 
as a straightforward corollary from our general approach. 

2. The general set-up 

In this section we describe algebras of "abstract pseudodifferential operators" and 
subalgebras of Toeplitz type. In this general set-up we incorporate standard features 
frequently met in pseudodifferential analysis: ellipticity, parametrix construction, 
Frcdholm property, and homogeneous principal symbols. 

2.1. Algebras of generalized pseudodifferential operators. Let No de- 
note the set of non-negative integers. We shall consider a set of operators 

(2.1) L*= U U L"(g), 

where fi represents the "order of operators" while G is a set of "admissible" pairs of 
data g = (go,3i); at this stage G should be considered as data specifying the class 
of considered operators, and to which will be assigned a precise meaning depending 
on the concrete application. For a first example see Example 12.11 below . 
We assume that with any single datum 3 there is associated a scale of Hilbert spaces 

(2.2) H s (g), s e No, 

and that each element A £ L M (g), g = (30,31), induces continuous linear operators 

A:H s (g )^H s -»( 9l ) 

for any s > 0. Furthermore we ask that 

L"(g) C L"(g), n < u, 

and that for two data g = (30, 3i) and g' = (31, 32) composition of operators induces 
mappings 

(2.3) L"(g')x^(g)^L" + V°g), g'°g:=(3o,32). 

Due to this composition property we also speak - by abuse of language - of the 
"algebras" L* or i M (g). The classes of "smoothing" operators are defined as 

L-~(g) := n L"(g). 
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Example 2.1. Let M be a smooth compact (Riemannian) manifold. A "datum" 
is any pair g — (M, E) where E is a smooth (hermitean) vector bundle over M . We 
let 

H s (g) = H S (M,E) 

denote the standard L2-Sobolev spaces of sections into E of regularity s. For g = 
(ffo,3i) with g i = (M, Ej) let 

L»(g)=L» l (M;E ,E 1 ) 

be the space of classical pscudodiffcrcntial operators, mapping sections into Eq to 
sections into £i@ 

A standard feature in pscudodiffcrcntial analysis is the possibility of asymptotic 
summation. We incorporate this by the following definition. 

Definition 2.2. We call the algebra L* asymptotically complete if for any admissi- 
ble g and any sequence of operators Aj G L~i (g) there exists an operator A G L°(g) 

such that A- A j e L ~ N (g) for any positive integer N . 
j=o 

Next we come to ellipticity and parametrices. 

Definition 2.3. An operator A G L°(g), g = (30,31); * s called elliptic if there 
exists a B G L°(g( -1 )) with g' -1 ' := (31,30) such that 

BA-l€L-°°(g ), AB - 1 g L-°°( Sl ), 

where go = (go, go), gi = (31, 3i)- Any such operator B is called a parametrix of A. 

Obviously parametrices are uniquely determined modulo smoothing operators. As 
a consequence of a von Neumann series argument the existence of a parametrix in 
case of asymptotic completeness is equivalent to the existence of left- and right- 
inverses modulo operators of order —1: The operator A G £ M (g) is elliptic if there 
exist B Q ,B 1 G i^g^ 1 )) such that B Q A - 1 G L _1 (go) and AB 1 - 1 G L _1 (gi)- 
For details see the proof of Proposition ^. 2[ below. 

The fact that parametrices are inverses modulo smoothing operators implies elliptic 
regularity of associated equations: If A G £°(g) is elliptic, / G H s (gi), and u G 
H°(go) then Au = f implies u G H s (go). In applications one is also interested in 
the fact that the smoothing remainders yield compact operators in the associated 
spaces, since this implies that elliptic operators are Fredholm operators. Even more, 
one also wants that the Fredholm property of an operator implies its ellipticity, 
meaning that the notion of ellipticity is actually optimal. 



With "classical" we mean that the local pseudodifferential symbols have complete asymp- 
totic expansions into homogeneous components; see Section [4] for details. 



ELLIPTICITY IN PSEUDODIFFERENTIAL ALGEBRAS OF TOEPLITZ TYPE 



7 



Definition 2.4. We say that L* has the Fredholm property if, for any admissible 
g, the following holds: 

(a) Any R £ L~°°(g) is a compact operator P°(<7o) — > H°(gi). 

(b) If A £ L°(g) is a Fredholm operator H°(go) — > H°(gi) then A is elliptic. 

The algebra of classical pseudodifferential operators on a compact manifold, cf. 
Example 12.11 is asymptotically complete and has the Fredholm property in the 
sense of the previous definitions. 

2.2. Toeplitz subalgebras. In the following let g = {go,gi) be a weight- 
datum and go = (go, go), gi = 

Definition 2.5. Let Pq G i°(go) and Pi e L°(gi) be two projections (i.e., Pj — 
Pj). Then we define 

T"(g, P ,Pi):= [A 6i"(g) | (1-P 1 )A = 0, A(l-P )=o] 
and we set 

T*= U U r"(g,P ,Pi). 
^eL°( gj ) 

In analogy to classical Toeplitz operators on the circle we call T p (g, Pq,Pi) a 
Toeplitz subalgebra of L^(g). We let 

H s (g j ,P j )=P j (H s (g j )), seN . 

Note that H s (gj,Pj) is a closed subspace of H s (gj) and that any element A G 
T^(g, Pq) -Pi) induces continuous operators 

A: H s (g Q ,Po) — ► J^). 

Observe that the canonical map 

1 h> PxlPo : L"(g) — ► T^(g,Po,Px) 

is surjective; in other words, we can write 

(2.4) T^(g ) P 0) P 1 )=Pi^(g)Po. 

Definition 2.6. An operator A 6 T°(g, Po,Pi) is called elliptic if there exists a 
B G T^gt-^P^Po) such that 

ba-p er M (g , p ,p ), AB-P X er-°°(g 1 ,p 1 ,p 1 ). 

j4ti?/ suc/i operator B is called a parametrix of A. 

Note that P, is the identity operator on H s (gj,Pj). Therefore ellipticity in fact 
asks for the existence of B G T^gC" 1 ), P u P ) and P, G T-°°(g j , P, ■, Pj) such that 
P = BA - 1 on H s {g ,P ) and Pi = AB - 1 on H s {g 1 ,P 1 ). 
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Remark 2.7. Referring to the previously used notation we could introduce new 
weight- data 

g = (?o,?i) := ({go, Pa), (91, Pi)), Pj 6 L°(gj) projection, 

and then write P M (g) := T A '(g, Po, Pi). Thus we could use for Toeplitz algebras the 
same formalism as above. However, we find it more intuitive to use the notation 
T fJ, (g, Pq,P\) in the sequel. 

3. Ellipticity in Toeplitz subalgebras 

We shall investigate how the notion of ellipticity in the full algebra L° (g) descends 
to a Toeplitz subalgebra T°(g, Po,Pi). We shall use the notation introduced in 
Section H 

3.1. Asymptotic summation and parametrices. A first simple observa- 
tion is that asymptotic completeness passes over to Toeplitz subalgebras: 

Lemma 3.1. If L* is asymptotically complete then so is T* . 

Proof. Let Aj G T~ J (g,P ,Pi) be a given sequence of operators. Then there 

~ ~ N-l „ 

exists an A G P°(g) with A - A 3 G L~ N (g) for any N. Choosing A = P\AP 

3=0 

N-l 

we have A- J2 Aj e T~ N (g, P Q ,Pi), since A 3 = P 1 A j P Q for any j. □ 

i=o 

Proposition 3.2. Let L* be asymptotically complete. Then for A £ T°(g, Po,Pi) 
the following statements are equivalent: 

(1) A is elliptic. 

(2) There exist B Q , B x G T ^ 1 ), Pi, P ) such that B Q A-P G T^go, P , Po) 
and AB 1 -I\eT- 1 ( Sl ,F L ,P L ). 

(3) There exist C , C x G L°(g^) such that C A - P G £ _1 (go) and Ad - 
Pi 6 L-\ gl ). 

PROOF. The implications (1) =>■ (2) and (2) =>• (3) are obvious. 
Let us now show that (3) implies (2). If CqA — Pq = Rq with Rq G P _1 (go) then 
multiplication from the left and the right with Pq and the fact that P\A = A = APq 
yield P C PiA - P = P P Po- Similarly we get AP CiPi - Pi = P1P1P1 with 
Pi G £ _1 (gi)- Thus (2) holds with B 3 = P a C 3 P x for j = 0, 1. 
Finally, assume (2) is true. Hence there is an Po G P _1 (go, Po, Po) with 

B A = P -R = (P - P )Po- 
Since T* is asymptotically complete by Lemma 13.11 we can choose an element 

oo 

B' Q G P°(g , Po,Po) with B' ~ P + J2 R a- Then b l ■= B' Q B is a left-parametrix 

e=i 
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of A, i.e. BlA — Pq 6 T~°°(go, Po, Po). Analogously we can construct a right- 
parametrix Br and then we can choose B = Bl or B = Br. □ 

As an immediate consequence of part (3) of the previous Proposition we obtain: 

Corollary 3.3. Let L* be asymptotically complete, A € L (g) and Qj e L (gj) &e 
two projections with Pj — Qj e L (gj). TTien P1AP0 S T M (g, Po,Pi) * s elliptic if, 
and only if, QiAQ e T^(g, Qo, Qi) «s elliptic. 

3.2. The Predholm property. Assume that £°(g) has the Fredholm prop- 
erty. Since H°(gj,Pj) is a closed subspace of H (gj) it is clear that smoothing 
operators from T _ °°(g, Po, Pi) induce compact operators H°(go, Po) — > H°(gi,P\). 
Therefore elliptic elements from T°(g, Po, Pi) induce Fredholm operators H°(g , Po) — > 
H (gi,P\). For the reverse statement we shall need that the algebras are stable un- 
der taking adjoints. 

Definition 3.4. We call L* *-closed if for any admissible g and any A e L°(g) 
there exists an A* G i (g^ 1 ^) such that A* : H°(gi) — > H°(g ) coincides with the 
adjointofA:H (g Q )^H ( gi ). 

Since any A e T°(g, P , Pi) satisfies A = P\ AP , taking the adjoint in the *-closed 
algebra £°(g) yields a map 

T fl (g,P„,P 1 )^T fl (g(-V«P«). 
This map preserves Fredholm operators: 

Lemma 3.5. Let A e T°(g, P ,Pi) induce a Fredholm operator A : H (g n ,P ) — > 
P°(gi,Pi). Then A* : H°( gi ,Pf) ->■ H°(g Q ,P^) is also a Fredholm operator. 

Proof. First observe that there is a natural identification of the dual space of 
H°(gj,Pj) with H°(gj,P*). In fact, any functional x in the dual space H°(gj,Pj)' 
can be extended to one in H°(gj)' by setting 

x(u) = x(Pju), u e H°(gj). 

If we denote by Ij : H (gj) — > H°(gj)' the standard Riesz isomorphism then 

X i V /'//, l x : //'!'/,./'<' — »• P°fe, P/) 

is an isomorphism. Under this identification the dual operator A 1 : H (g\,P\)' — > 
H°(g ,P y corresponds to A* : H°{gi,P*) -> P°(g ,P6*)- Now it remains to ob- 
serve that duals of Fredholm operators remain being Fredholm operators. □ 

Lemma 3.6. Let X and Y be two Hilbert spaces and T : X — »• Y be an upper 
semi-fredholm operator, i.e., T has closed range and a finite- dimensional kernel. 
Then T*T is a Fredholm operator. 
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PROOF. T*T has finite-dimensional kernel, since ker T*T = kerT. Since the 
range of T is closed, we have the orthogonal decomposition Y = imJ 1 ® ker T* . 
Therefore imTT = imT*. Since T* is lower semi-fredholm, its range has finite 
co-dimension. □ 

Theorem 3.7. If L* has the Fredholm property and is *-closed, then T* has the 
Fredholm property. 

PROOF. Let A E T°(g, P ,Pi) induce a Fredholm operator H°(g ,P ) — > 
P°(<?i,Pi); let us denote this operator by A. We have to show that A is elliptic. 
Due to the *-closedness of L* we have 

(3.1) B := A* A + (1 - P )*(l - Po) € L°(g ). 

We shall now show that B : H°(go) — > H°(go) is a Fredholm operator. To this end 
define 

T:H°(g )^H ( gi )(BH (g ), Tu = (Au, (1 - P )u) . 

Now kerT = ker A, and imT = ha. A® im(l - P ) is closed in H°(gi) © H°(g ), 
i.e., T is upper semi-fredholm. Due to Lemma \TM B = T*T is fredholm. 

Since L* has the Fredholm property, B has a parametrix C £ T°(go), i.e., R := 
CB -IE L-°°(g ). Therefore 

PoPPo = P C(A*A+ (1 - P )*(l - P ))Po - P = PqC^PiA - Po, 

since P X A = AP = A. Therefore B L := P CA*P 1 E ^(g^ 1 ), P u P ) is a left- 
parametrix of A. 

In view of Lemma l3.5l we can construct in the same way a left-parametrix to A* E 
T°(g^ 1 \ P*, Pq). The adjoint of this left-parametrix yields a right-parametrix for 
A. Hence A is elliptic. □ 

Remark 3.8. For later purpose let us state here that the operator B defined in 
(|3.1I) is a self-adjoint Fredholm operator with 

ker (B : H°(g a ) -> P°(. 9o )) - ker (A : P°(. 9o , Po) -> H°(g 1) P 1 )). 

In fact, the kernel on the right-hand side is clearly contained in the kernel on the 
left-hand side. Moreover, Bu — implies 

= {Bu, u) = (A*Au, u) + ((1 - Po)* (1 - P Q )u, u) = \\Auf + ||(1 - P )w|| 2 , 

where inner-product and norm are those ofH°(g ). Thus Au = and (1-P )u = 0. 
In particular, B is an isomorphism if A : H°(g Q , P ) — > H°(gi, Pi) is infective. 

Another interesting property of many pseudodifferential calculi is their "spectral 
invariance", i.e., whenever an element of the algebra is invertible as a continuous 
operator between Sobolev spaces, then the inverse belongs to the calculus. 
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Theorem 3.9. Let L* have the Fredholm property and be ^-closed. Furthermore as- 
sume that R\TRq E P~°°(g) whenever g is admissible, Rj G L~°°(gj) are smooth- 
ing operators, and T : H°(go) — > H°(gi) continuously. Then T (g, Pq,Pi) is spec- 
trally invariant for any admissible g, i.e., if A G P°(g, Po,Pi) induces an isomor- 
phism H°(g ,Po) -> H°(g 1 ,P 1 ) then there exists a B G T°(g( _1 ), Pi, P ) such that 
BA = P Q and AB = P x . 

PROOF. Let A be as stated. In particular, A : H°(g ,P ) -> H°(gi,Pi) is a 
Fredholm operator. By Theorem l3.7l there exists a parametrix B G T ^" 1 ), Pi, P ). 
In particular, BA = 1 - R Q on H°(g ,P Q ) and AB = 1 - Pi on H°(gi,Pi) with 
smoothing operators i? 3 G T~°°(gj, Pj). These identities yield A -1 = B + RqA -1 
and A^ 1 = B + A~ 1 R 1 . Thus we get 

A- 1 = B + P P + RoPoA^PiRi. 

The right-hand side belongs to r (g( _1 ), Pi, P ). In fact, we can consider T := 
P Q A- l Px as a continuous map H°(gi) -> fl"°(ffo), hence S := P TPi G P- 00 ^ 1 ') 
by assumption. Moreover Pi 5 = 5P = 0, showing S G T" 00 (g(- 1 ), Pi, P ). □ 

By abuse of notation we shall also write A^ 1 := P for B from the previous theorem. 
This notation is reasonable, since B : H°{g\,Pi) — > H°(go,Po) is the inverse of 
A: H a (g ,Po) ^ H°(g 1 ,P 1 ). 

3.3. Reductions of orders. In applications typically the fitration in (|2.ip 
uses a parameter /x G Z or /i G K and the scale of Sobolev spaces (|2.2p admits 
regularities s G Z or s G M. Of course, one is also interested in operators of order 
different from zero. A typical feature in pseudodifferential calculi is the existence 
of "reductions of orders" , which allows to restrict ones attention to the zero order 
case. In the present general setting this means (to ask for) the existence of operators 
5 P G P A '(g) having an inverse S 1 " 1 = SL M G i~ M (g), for any \x and any admissible 

g = (9,9)- 

In case of existence of such reductions of orders, Sj t G L^(gj), the study of A G 
T M (g,P ,Pi) considered as an operator 

A:H s ( 9o ,P )^H s -^g 1 ,P 1 ) 

is equivalent to the study of 

A:H°(go,P )^H (g 1 ,P 1 ) 

where 

A = Sl_ l ,AS _ s €L ( s ,P ,P 1 ) 

with the two projections 

Po = S° S P S Q _ S G L°(g ), Pi = t/it^ e L °(gi)- 
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In fact, the following diagram is commutative: 

H°(g ,P ) H s -^{g 1 ,P 1 ) 

Si., 

H°(g ,P ) -J-^ H^iguPy) 

3.4. Ellipticity and principal symbols. Above, ellipticity has been defined 
as the existence of a parametrix, i.e., an inverse modulo smoothing remainders. In 
applications it is of course desirable to characterise ellipticity in other terms that 
are easier to verify. Typically, with a given operator A one associates one or more 
"(homogeneous) principal symbols", which can be thought of bundle morphisms 
between finite or infinite dimensional vector bundles^ Ellipticity is then aimed to 
be equivalent to the invertibility/bijectivity of the principal symbols. 

Example 3.10. With a classical pseudodifferential operator A G L^(M; Eq, Ei), 
cf. Example 12.11 we associate its homogeneous principal symbol, which is a vector 
bundle morphism 

<r M (A) : n*E — >• n*Ei, 
where tt : S*M —> M is the canonical projection of the unit co-sphere bundle S*M 
of the (Riemannian) manifold M onto M itself, and n*Ej denotes the pull-back of 
the vector bundle Ej. A is elliptic if, and only if, a 11 (A) is an isomorphism. 

In this section we assume that in L* we have such a characterisation of ellipticity in 
terms of principal symbols and investigate how this structure descends to Toeplitz 
subalgebras. To this end let us call L* a a-algebra if there exists a map 

A^a(A) = (<Ji(A), . . . ,a n (A)) 

assigning to each A G L (g) an n-tuple of bundle morphisms 

at{A) : E e (g a ) — > E t {g x ) 

between (finite or infinite dimensional) Hilbert space bundles E#(gj), such that the 
following is true: 

(1) The map respects the composition of operators, i.e., 

a{AB) = a(A)a(B) := (a 1 (A)a 1 (B), . . . , a n (A)a n (B)) 

whenever A £ £°(g) and B G £°(g') as in 12.31 

(2) a(R) — for any smoothing operator R. 

(3) A is elliptic if, and only if, a(A) is invertible, i.e., all <Je(A) are bundle 
isomorphisms. 

If additionally L* is ^-closed we also ask that 

^We shall identify operator-valued functions a : M — > Jif(X, Y) with morphism acting be- 
tween the trivial vector-bundles M X X and M X Y. 
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(4) a(A*) = (7(A)*, i.e., for any i, 

a e (A*) = a e (A)* : E(( gi ) — ► E«(g ), 

where ct^(A)* denotes the adjoint morphism (obtained by taking fibrewise 
the adjoint). 

Definition 3.11. Let L* be a a-algebra and A G T°(g, Pq, Pi) . Since the Pj are 
projections also the associated bundle morphisms at(Pj) are projections in Et(gj). 
Therefore its range 

Efa^) := a^P^E^)) 
is a subbundle of Ei(gj). We now define 

a e (A,P ,P 1 ) : E e (g ,P Q ) — > E e (g 1 ,P 1 ) 

by restriction of o~i{A) and then 

a(A,P ,P 1 ) = (a 1 (A,P a ,P 1 ),...,a n (A,P ,P 1 )). 

It is clear that if A 6 T°(g, Po,P\) is elliptic, then <r(A, Pq,Pi) is invertible. In 
fact, if B e T°(g( _1 \Pi,Po) is a parametrix to A then a(B, Pi,Po) is the inverse 
of a(A,Fo,Pi)- 

Theorem 3.12. Let L* be a *-closed a-algebra. Then T* is a a-algebra. In partic- 
ular, for A G T (g, Pq^Pi) the following statements are equivalent: 

(a) A is elliptic. 

(b) ai(A, Pq, Pi) : Ei(go, Pq) — > Ei(gi, P\) is an isomorphism for £ — 1, . . . , n. 

Proof. Let us show that (b) implies (a) (the remaining statements are simple 
to see). Let us define the operator 

B := A* A + (1 - P )*(l - P Q ) g L°(go). 

Applying the principal symbol map yields 

a e (B) = a e (A)*a e (A) + a e (l - Po)*a e (l - P ). 

Remark 13.81 (applied fibrewise) shows that any a^{B) is an isomorphism, hence B 
is elliptic by assumption. Arguing as in the proof of Theorem 13.71 we find a left- 
parametrix to A and, by passing to adjoints, also a right-parametrix. Thus A is 
elliptic. □ 

The previous proof also shows that, under the assumptions of Theorem l3.12[ a left- 
parametrix [right-parametrix] for A exists, provided ai(A, Pq,Pi) ■ Ee(go,Po) — > 
Ei(gi,Pi) are (fibrewise) Fredholm monomorphisms [epimorphisms] for all I = 
l,...,n. 
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Example 3.13. Let Pj £ L°j(M; Ej, Ej) be two projections. Let us write 

r c °(M; (E , P ),(E 1 ,P 1 ))=P 1 L° cl (M; E ,E 1 ) P 

for the associated Toeplitz algbra and 

H s (M,E j ,P j ) = P j (H s (M,E j )). 

The principal symbol cr(Pj) ■ 7r* Ej — > ir* Ej is a projection, and its range is a sub- 
bundle of iv* Ej which we denote by Ej(Pj). Then for A £ T^(M, (E , P ),(E 1 ,P 1 )) 
the following statements are equivalent: 

(a) A is elliptic, i.e., has a parametrix B £ T C °(M ; [E\,P\), (E , P )). 

(b) A : H°(M, E ,P ) -> F°(M, P x ) is a Fredholm operator. 

(c) ct(j4) : i?o(Po) — ► Pi (Pi) is an isomorphism. 

Example 3.14. Let Eq, E\ be smooth vector bundles over M. By Swan's theorem 
Ej is a subbundle of a trivial bundle; let us denote it by C Nj . Then the projec- 
tions pj : C N J ->• £y can be considered as zero-order pscudodiffcrential projections 
P 3 £ L° cl (M;C N i,C Nj )- Then we have an identification of L^(M; E , P x ) with the 
Toeplitz subalgebra P L%(M\ C N ° , C Nl ) P Y . 

Similarly as discussed in Section 13.31 the existence of reductions of orders allows a 
straightforward extension of the above result from zero order operators to operators 
of general order. This fact we shall use below in our examples without further 
commenting on it. 

3.5. Parameter-dependent operators. For the analysis of resolvents of dif- 
ferential operators, calculi of parameter- dependent pseudodifferential operators can 
be used very effectively. With easy modifications, the above abstract approach can 
also capture features of parameter-dependent calculi. We shall give some details in 
this subsection. 

In the following let A coincide with M. e or be a sectorial domain in the complex 
plane. We now assume that the elements of L* are not single operators, but fami- 
lies/functions of operators A M> A(X). To make clear that we deal with families of 
operators we shall use notations like L*(A), L^(g; A) and denote elements by A(X), 
B(X), etc. 

With the notation from Section [2] we shall assume that A(X) £ L M (g;A) induces 
continuous oprators 

A(X) : H s (g Q ) — > H s ^( gi ) 
for all A and all s. Smoothing operators R(X) £ L~°°(g; A) are required to satisfy 

ll i? ( A )llH s (so),H t (9i) |A '^ 00> 

for any s,t, where || • \\x.y denotes the operator norm for operators X — >• Y. 
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Definition 3.15. A(X) G L°(g; A) is called elliptic (or parameter-elliptic) if there 
exists a B(X) e i°(g( _1 ); A) such that 

Ro(X) := B(X)A(X) - 1 e L~°°(g Q ;A), 

ill (A) :=A(A)B(A)-leL-°°(g 1 ;A). 

j4tm/ smc/i operator B(X) is called a parametrix of A(X). 

An elliptic A(X) induces isomorphisms H°(g ) — > H°(gi) for sufSciently large A, 
since 1 + Rj(X) is invertible due to the decay property of smoothing remainders. If 
we assume that there exist smoothing Sj(X) such that (1 + Rj(X))^ 1 = 1 + Sj(X) 
for sufficiently large A, we can conclude that there exists a parametrix B(X) that 
equals ^(A)" 1 for large enough A. 

Definition 3.16. We call L*(A) inverse-closed, if for any R(X) 6 L~°°(g; A) with 
admissible weight g = (g,g) there exists an S(X) £ L~°°(g; A) such that 

(1 + i?(A))(l + S{X)) = (1 + S(A))(1 + R(X)) = 1 

for sufficiently large X. 

Using the notation of the previous definition, we have 

(1 + i?(A)) _1 = 1 - R{X) + R(X)(l + R(X)y 1 R(X) 

whenever the inverse exists. Hence we see that L*(A) is inverse closed if, and only 
if, for any such R(X) there exists an R'(X) e £~°°(g; A) such that 

R'{X) = i?(A)(l + R(X)y 1 R(X) 

for sufficiently large A. 

Example 3.17. With the notation introduced in Example 12.11 let 

L»( S ;A)=L» l (M;E ,E 1 ;A) 

be the space of classical parameter-dependent pseudodifferential operators of or- 
der /i0 The smoothing operators are rapidly decreasing in A with values in the 
smoothing operators on M, 

L-°°(M;Eo,Ex]A) = y(A,X), X = L~°°(M ; Eq,E{) S ^°°{M,EqM E^. 

Now it is straightforward to verify the inverse closedness, using the fact that for a 
rapidly decreasing function r(A) also 

r'(A) := X (A)r(A)(l+r(A)) -1 r(A) 

^i.e., the local symbols satisfy uniform estimates of the form 

\D£DZDla(x,e,\)\ < C(l + |€| + |A|)"-I"I-H, 
and have expansions into components homogeneous in (£, A). 
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is reapidly decreasing, where x is a zero excision function that vanishes where the 
inverse does not exist. 

As before we can now consider Toeplitz algebras 

^(g,Po, J Pi;A) = P 1 (A)i"(g;A)Po(A) 

with projections Pj(X) G L M (g.,-;A). An element A(X) G T°(g, P , Pi; A) is called 
elliptic if there exists a B(X) G T°(g, Pi, Po; A) such that 

B(X)A(X) - P (A) e T-°°(go, Po, Po; A), 
A(A)P(A) - Pi (A) G T-°°(gi, Pi, Pi; A). 

Inverse-closedness of the Toeplitz algebras now means that to any projection P(A) G 
L^(g;A), g = (g,g), and any R(X) G T~°°(g, P, P; A) there exists an 5(A) G 
T~ 00 (g,P,P;A) such that 

(P(A) + P(A))(P(A) + 5(A)) = (P(A) + 5(A))(P(A) + P(A)) = P(A) 

for sufficiently large A. In this case, to any elliptic A(X) there always exists a 
parametrix P(A) such that 

B(X)A(X) = P (A), A(X)B(X) = Pi(A) 

for large A. It is not difficult to see that inverse-closedness of L*(A) implies that of 
T*(A). 

Assuming that ellipticity in L*(A) is characterized by the invertibility of certain 
principal symbols, i.e., L*(A) is a cr-algebra, we can now show as in Section 13.41 

Theorem 3.18. If L*(A) is an inverse-closed, *-closed a-algebra, then T*(A) is 
an inverse- closed a-algebra. 

4. 5G-pseudodifferential operators 

If A is a Frechet space let us denote by S fJ '(R m , A) the Frechet space of all smooth 
functions a : W n — > X satisfying estimates 

\\D:a(z)\\<C,(l + \z\r-^ 

uniformly in z G K. m for any multi- index 7 and any semi- norm || • || of A (the 
constant C 7 depends also on the semi-norm ). With 5^)(R m ,A) we denote the 
space of all smooth functions a : K. m \ {0} — > X of the form 

a(z) = \z\»a(z/\z\), a : S" 1 ^ 1 — > A, 

where S" 1-1 denotes the unit-sphere in R m . Moreover, S^(M. m , X) denotes the sub- 
space of symbols a G 5''(R m , A) that have asymptotic expansions into homogeneous 
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components: There exist a<>-^ <E S^'^ (R m , X) such that 

N-l 

j'=o 

for any positive integer N and with being a zero-excision function (i.e., % : 
R m — > K smooth, vanishing in an open neighborhood of z = 0, and being constant 
1 outside some compact set). The function is called the principal component 
of a. 

The class of pseudodifferential symbols we now consider are, roughly speaking, 
classical both in the x-variable and the corresponding co-variable £ (for precise 
details we refer the reader to |ES97j ). 

Definition 4.1. For /j,, m £ M and Nq,Ni £N let us define 

S$ m (R n x R",iVo,JVi) := S^(R2,S^(M^,^f(C No ,C Nl ))). 
The space of associated pseudodifferential operators, 

(Au)(x) = [op(a)u](x) = J e ix ^a(x,0u(0^, 
we shall denote by L^{ m (R™ ,No,N%). 

The class of regularizing operators, 

L- ao '- DO (M n ,JVb,JVi):= n L^ ro (R n ,JVb,JVi), 

consists of all integral operators having a kernel k(x,y) £ ^(^("j/))' ^ e s P ace °f 
rapidly decreasing functions (with respect to the standard Lebesgue measure on 
K n ). 

The natural scale of Sobolev spaces such operators act in is given by 

H S > S (W\N) := (1 + \x\ 2 ) s/2 H s (R n ,C N ), s,S £ R, 

i.e., the standard C^-valued Sobolev spaces on R™ multiplied by a weight function. 
Then A £ L^ m (W l , No, N±) induces continuous operators 

A : H s ' S (R n ,N ) — > ff s -"" 5 - Tn (R r \iVi) 

for any choice of s and S. 

By passing to the principal component with respect to x, or with respect to £, or 
simultaneously with respect to both x and £ we associate with A = op (a) three 
principal symbols, which are bundle morphisms 

a^{A) : (R£ x S™" 1 ) x C^ — ■+ (R" x S^ 1 ) x C^ 1 , 
a m (A) : (SJ- 1 x R£) x C^ — -¥ (S^T 1 x R?) X C^ 1 , 
o&(A) : (Sr 1 x S^T 1 ) x C^ — ► (S™- 1 x SJT 1 ) x C^ 1 . 
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Let us then set 

a(A) = (*»(A),v m (A)MA)), AaS m (K",4JVi). 

Ellipticity of A is defined as the invertibility of (all three components of) <j(A). It 
is well-known that ellipticity is equivalent to the existence of a parametrix B G 
Lj' t,- ' m (R n J JVi, JVb) modulo remainders in L _00,_0 °, and it is equivalent to A : 
H s ' s (M. n , N Q ) H s -^ s - m (R n : Ni) being a Fredholm operator for some (and then 
for all) s,S G R. For the latter result see [GrOO] . 
With two projections Pj G L°[°(R n , N j: Nj), j = 0, 1, let us write 

I* m (R", (iV 0) P ), (JVi, Pi)) = Pi L^ ro (M n , N , Ni) P 

for the associated Toeplitz subalgebra and 

H s,s (M. n ,Nj,Pj) = Pj (H s ' S (R n , Nj)) 

for the associated scale of projected Sobolev spaces. The principal symbols a°(Pj), 
ao(Pj) and <Tq(P,-) of Pj are itself projections, thus their ranges define subbundles 

E Q {N 3 ,P 3 ) c (R" xS^)x C^, 
E {Nj,Pj) c (S™- 1 x M") x C^, 

The principal symbol cr(A, Po, Pi) consists of the three components 
^(A,P ,Pi) : E°(N ,P ) ^E°(Ni,Pi), 
<j m (A,P ,Pi) : P (^o,Po) — > Eo(Ni,Pi), 
a^(A,P ,Pi) : P °(iVo,Po) — ► P °(^i,Pi). 

obtained by the restriction of the corresponding symbols of A. 

Theorem 4.2. For A G T£' m (R n , (N ,Po), (iVi,Pi)) the following statements are 
equivalent: 

(a) A is elliptic, i.e., has a parametrix B G T7 (Af, (iVi,Pi),(iVo,Po)) 
[modulo remainders in y- 00 .- 00 ^ 

(b) A : P s > 5 (R",iVo,Po) -> if s "' 1 '' 5 - m (R n ,iV 1 ,Pi) is a Fredholm operator for 
some s, 8 G R. 

(c) TTie morphisms a fJ '(A, Pq, P\), a m {A, Po, Pi), and cr^A, Po, Pi) are iso- 
morp/iisms. 

In i/iis case, (6) is true for arbitrary s, S G R. 

In case fi — m — and s = 5 = this theorem is just a particular case of Theorems 
EH and SHI with 

L»(g) = L»f(R n ,N ,N 1 ), g= ((R n ,jV ),(R",iV 1 )) 
£P( 5 ) = iP> s (R",jV), ff = (R",iV). 
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The general case is obtained by the use of order reductions, analogously as described 
in Section 3.3 (with the minor modification that we have here two parameters /i and 
m). In fact, the operators having symbol [a;]" 1 ^]^/^, where Tjv is the N x TV-unit 
matrix and [•] : R™ — >• (0, oo) is a smooth function that coincides with | ■ | outside the 
unit-ball, induce isomorphisms H*> s (R n , N) — > H s ~' ± ' 5 - m (W l , N) for arbitrary s 
and 5. Theorem 13.91 implies the spectral invariance: 

Theorem 4.3. If A £ T^' m {W l , (iV ,P ), (A^Pi)) induces an isomorphism 

H s ' S (R n , N Q ,P ) — ► H s ~' x '*- m (M n , iVi, Pi) 

for some s, S € M, then this is true for any s, S € R and the inverse A^ 1 belongs to 
^"(M^PrMA^Po)). 

5. Operators on manifolds with conic singularities 

We are now going to discuss the cone algebra of Schulze. For detailed presentations 
of the cone algebra we refer to [ES97J and to [SeOlj . To keep the presentation 
lean we shall focus on a version of the cone algebra which is sufficient for the 
characterization of the Fredholm property in certain weighted Sobolev spaces. 
Let B be a smooth compact manifold with boundary X := dM with dimX = n. We 
identify a collar neighborhood of X with [0,1) x X and fix corresponding variables 
(t, x) near the boundary. The typical differential operators we consider on (the 
interior) of B are away from the boundary usual differential operators with smooth 
coefficients, while near the boundary they can be written in the form 

(5.1) A = t-»Y, aj (t)(-td t y, a J etf~([0,l),Diff"- J "(X)) ) 

j=o 

with coefficients taking values in the space of differential operators on X. The 
Laplacian with respect to a Riemannian metric which near the boundary has the 
form dt 2 + t 2 dx 2 is of that form, with /i = 2. Such "cone differential operators" act 
in a scale of weighted Sobolev spaces 

J4? sn (M) = /c 7 ^f S '°(B), s, 7 eR, 

where A: is a smooth positive function on the interior of B that coincides with 
k(t,x) = t near the boundary, while u £ Jif s,0 (M) for s G No if and only if u 6 
ff£ c (intl) and 

t^-^itdtyD^u^x) E i 2 ((0,l) x X,—dxj 

for all s + \a\ < s; this definition can be extended to real s by interpolation and 
duality. A differential operator as above induces then maps 

(5.2) A: ^ S ' 7 (B) — > J^ s -^-^{M). 
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If we set Tp = {z E C | Re z 



/?}, j3 G R, and let 



(M 7 u)(z) 




z £ ±1/2 — p 



(M^v)(t) 



1/1 1/2-7 



t > 



denote the weighted Mellin transform and its inverse, then we can write (|5.2[) with 
A from ()5.1[) and it supported close to the boundary as a Mellin pseudodifferential 
operator, 



(Au)(t) = t-»(o^ M n/2 (h)u)(t) = <^Af-_ 1 n/2 (/i(i,z)(M 7 „„ /2U )(z)) 
with z) = J2j=o a j(t) zJ ■ 



Definition 5.1. The cone algebra C M 3 (B, 7, 7 — fi), fi G 1, j G No, consists of all 
operators of the form 



where u>,u>o,LJi are smooth functions supported in [0,1) x X which are equal to 1 
near the boundary and satisfy ujujq — to, ujuj\ — lo\ and 

h(t,z) = t 3 ho(t,z) +5j h-oo(z), 
(5jo = 1 if j = and Sjo = if j > 1) where 



uniformly for /3 in compact intervals^ 

(ii) h-oo is holomorphic with values in L _00 (X) in a strip {z \ \(n+l)/2 — 7 — 
Rez| < e} with some e > 0, and /i_oo(/3 + £t) G L~j°°(X;R r ) uniformly 
in (3, 

(iii) A G ici -5 (int B) is a usual pseudodifferential operator, 

(iv) G is an integral operator with respect to the measure t n dtdx with kernel 
in JT "'T-^B)®^ 00 -t+ e (B) /or some e > 0@ 

XTie operators G of (iv) constitute the class of smoothing operators, denoted by 



It is straight-forward to extend the previous definition to operators acting between 
sections into vector bundles E and E\ over B, yielding algebras 



L" 1 (X\M. T ) denotes the class of parameter-dependent pseudodifferential operators of order 
v, with parameter r£i 

% v denotes the completed projective tensor product. 



A = ojr"op], n/2 (h) oj + (1 - w) A (1 - wi) + G, 




C-~(B,7,7-Ai). 



(5.3) 



C^(B,(7,£o),(7-/^i))- 
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With any element A of (|5.3p with j — we associate two principal symbols. The 
first is 

(5.4) o*{A) : 7T*E — ► -k* c E u 

where ir c : T*M \ — > B denotes the canonical projection of the "compressed" 
co-tangent bundle of B onto B; for a precise definition see [GKM07 . Roughly 
speaking, over the interior of B this symbol recovers the usual principal symbol, 
while for £ — > the product tr (arising from the totally characteristic derivative 
tdt) is replaced by a single variable r. The second is the so-called conormal symbol. 
Using the notation from Definition 15.11 it is the function 

77 + 1 

h(0, z) : H S (X) — ► H S -»(X), Re z = — ^— - 7, 

where the choice of s does not play a role. Identifying operator- valued functions 
with morphisms in trivial bundles, for an A from (|5 .3[) with j — we get 

(5.5) a* (A) : r„±x_ 7 x P S (X, P ) — ► T^_ 7 x P S ^(X, Bj), 
where Pj denotes the restriction of Ej to X = dM. 

For convenience of notation let us now set 7o = 7 and — 7-/1. Given two 
projections Pj G C°(B, (7^, Ej), (7^, B/)), the associated Toeplitz subalgebras are 

(B, ( 7o , E Q , P ) , (71 , E 1 , P 1 ) ) = P 1 C»- 1 (B , (70 , E ) , ( 7l , P : ) ) P ■ 
The scales of projected Sobolev spaces are 

Jf*''W(B,.E,-,P i ) = Pj(je s '^{M,Ej)). 
Since both <7°(Pj) and c\, I (Pj) are projections we obtain subbundlcs 
E^Pj) :=<T c {P j ){ir* c E j )dr* c E j , 
Ef(P 3 ) := aUPj)^^-^ x H'iX,^)) C x P S (X,P/). 

The principal symbol o~(A, Po, Pi) consists of the two components 

of(A, Po, Pi) : P c (Po) — > P^Pi), < f (A, P , Pi) : P M (Po) — > Pf (Pi), 
induced by the restriction of cr^{A) and <7^-(A), respectively. 

Theorem 5.2. Por A G T^(B, (7, E ,P ), (7 - /J, Pi, Pi)) tfie following statements 
are equivalent: 

(a) A is elliptic, i.e., has a parametrix B € T~ M (B, (7— /x, Pi, Pi), (7,Po,Po)). 

(b) A : JT s ^(B,P ,-Po) -> ^ s_A1 ' 7_Al (B,Pi,Pi) is a Fredholm operator for 
some sel. 

(c) Poi/i morphisms <r£(A, Po,Pi) and cr^ (A, Po, Pi) are isomorphisms. 
In this case, (b) is true for arbitrary s G M. 
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In fact, by the existence of suitable reductions of orders, we can reduce the proof 
of the previous theorem to the case (J, = s = 7 = 0. This is then a particular case 
of Theorems ET71 and ETT21 with 

L»(g) = C»(M,(0,E o ),(0,E 1 )), g =((M,E ),(M,E 1 )) 
H s (g) = Jf s >°(B,E), g=(B,E). 

The Toeplitz algebras are spectrally invariant, as a consequence of Theorem 13.91 

Theorem 5.3. If A G T Al (B, (7, Eq, Pq), (7 — fj,,Ei,P\)) induces an isomorphism 
J^ s ^{M,E a ,P a ) -> Jf s -^-^(M,Ei,Pi) for some s, then for all s and 

A- 1 e r-"(B, (7 - /*, £1, Pi), (7, £0, P )). 

6. Boundary value problems 

We now consider Boutet de Monvel's algebra for boundary value problems and 
apply the general result to show the invertibilty of the Stokes operator within a 
certain Toeplitz subalgebra. 

6.1. Operators on the half space. We give a short presentation of Boutet 
de Monvel's algebra on the half-space M := M + = M™ _1 x [0, 00). We shall employ 
the splitting of variables x = (x',x n ) and £ = (£',£ n ). 

The space B^' d (M; (no, jo), (ni, ji)) with /ieZ (the order), d G No (the type), and 

n i,ji G No consists of all operators of the form A = ( + ^ ] where the 

n V T Q J 

single entries are described in the following|J 

(1) Denoting by e+ the operator of extension by zero from M to R n and 
by r + the operator of restriction from K™ to M, A + = r + Ae + with a 
classical pseudodifferential operator A = op(a) of order fi whose (n± x no)- 
matrix valued symbol satisfies the transmission condition at x n — 0, i.e., 
if a ~ Y] j a ([i-j) i s the expansion into homogeneous components, then 

D* B Df CiT) o (M _ i) (s',0,0,l,0) 

= (-l)"-^-l«l23i B I^ iT) o (M _ i) (x' ) 0, 0, -1, 0) 

for all j, k and a. 

d-i 

(2) T is a trace operator of order /i and type cZ, i.e., T = ^2 Sjjj +Tq, where 

3=0 



, S'j is a pseudodifferential operator of order fi — j on 



Also the cases jo = or ji =0 are allowed. If jo = the operators have the form 
+ 
T 



A = [ A+ + ° 1 , if ji = the form A = ( A + + G K ) , and if j = jl = the form A = A++G 
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with (J i x no)-matrix valued symbol, and To is of the form 
(T u)(x')= [ f e ix 't't(x',e;[Z'}x n )(F x ,^ e u)(?,x n )dx n aZ', 

JR"- 1 JO 

where t(x',£';s) is smooth and rapidly decreasing as a function of s e 
[0, oo), is a (ji x n )" ma trix valued symbol of order fi + 1/2 with respect 
to (x\ £'), and [ • ] denotes a smooth positive function with [ • ] = | • | outside 
a neighborhood of the origin. 

(3) A Poisson operator K of order ^ (d is not relevant here), i.e., 

(Kv)(x)= f e ix '^k{x'^^]x n m')d^, 

where k(x' , s) has a structure analogous to t from (2), but k is a symbol 
of order /i — 1/2 with respect to (x',£') and is (n\ x jo)-matrix valued. 

d-l 

(4) A singular Green operator of order /i and type d, i.e., G — ^2 Kjlj + Co 

i=o 

with Poisson operators Kj of order [i — j, and Go of the form 

(Gou)(x) = f f e ix 't'g(x',Z'; [?]x n , W]y n )(F x >^>u)(Z' ,y n )dy n <%', 

where g(x' s,t) is smooth and rapidly decreasing as a function of 
(s, t) G [0,oo) 2 , and is a (n\ x no)-matrix valued symbol of order /j + 1 
with respect to (x',£'). 

(5) A usual pseudodiffcrcntial operator Q of order fi on ]R™ _1 with (ji x jo)- 
matrix valued symbol. 

Any such A induces continuous operators 

H s (M,C no ) H s -»(M,C ni ) 
(6.1) A: © — ► © , s>d--. 

H s (dM,C io ) H s -^(dM 1 <C n ) 

With .4, one associates two different principal symbols. The first is the usual homo- 
geneous principal symbol of A (considered on M including its boundary) , which we 
denote now with a^(A). The second is the principal boundary symbol 

o-%(A)(x',0-- © — > e 

£30 £31 

(the choice of s > d — \ is arbitrary) defined on S*dM \ as follows: With A + = 
r + op(a)e + as above, 

*S{A + )( X >,?)=a w (x',0,?,D Xn ), 
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where a^) is the principal component of a. For a trace operator T as above, 

d-l 
3=0 

where Sj = op(s J ), rju — d 3 u/dx 3 n (fS), and 

/•OO 

a%(T )(x',£')u = / t(x',£'; \£'\x n )u(x n )dx n . 
Jo 

For a Poisson operator K as above, 

(mapping c to a function of x n ) and for a singular Green operator G as above, 
a%(G)(x\Z') = ^a»-3\K j )(x',Z')r j + a%(Go)(x',Z') 

3=0 

with 

/•OO 

(°a(G ! o)(a;',0«)( a; rj) = / 9(x',€'} \€'\x n , \£'\y n )u{y„) dy n . 
Jo 

6.2. Operators on manifolds. Via a partition of unity and local co-ordinates 
the calculus from the half-space as described above can be extended to compact 
manifolds M with smooth boundary. We obtain classes B^ ,d (M; (E , J ), (Ex, Jx)) 
where Ej and Jj are vector bundles over M and dM, respectively. 
Any A 6 B^ d (M; (E , J ), (£1, Ji)) induces continuous maps analogous to (|6.ip . 
We have the homogeneous principal symbol 

a»(A) : 7r*fi — >7r*£?i 

acting between the pull-backs of Ej to the unit co-sphere bundle of M, and the 
boundary symbol 



o»{A) : ttS 



(E'®H 



\ 




(E[ (g> h s -^{r + )' s 



V 

where 7rg denotes the canonical projection of the unit co-sphere bundle of dM to 
dM and Ej denotes the restriction of Ej to the boundary. 
The composition of operators induces a map 

B /*i.*(M; (^i, Ji), (£ 2 , J 2 )) x B"°' d °(M; (£ , Jo), (Ei, Jx)) 

( 6 - 2 ) a. J 

— V B^+^'^M; (So, Jo), (#2, J2)), d = max(d , rfi + Mo)- 

Both homogeneous principal symbol and principal boundary symbol are multiplica- 
tive under composition. 

The equivalence of ellipticity and Fredholm property in Boutet de Monvel's algebra 
have been shown in |RS82j . the spectral invariance in Sch89 . 
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6.3. Toeplitz subalgebras. Let Vj e B°'°(M; (Ej,Jj), (Ej,Jj)), j = 0, 1, be 
two projections and set 

T^(M; (E , Jo, Po), (Ei, J u Pi)) = Pi B"' d {M ; (Ej, Jj), (E^J,)) V . 

Note that, according to ()6.2p . 

T^(M- (E , J ,V ), (E 1 ,J 1 ,P 1 )) C i^,max(^) (M . Jo)i J^). 

We shall thus focus on the case /j, < d. Since both <J^(Vj) and o-g(Vj) are projections 
we obtain subbundles 

EfiV^^a^Vj^E^CTr*^, 



Ef s {T 3 ):=<jUV 3 ) 



( (e]®h- 



\ 




The principal symbol o-(A,Vq,V\) consists of the two components 
<(APo,Pi) : Et(V ) — > 2# (Pr), 



a£(APo,Pi) : E^ S (V ) — > Ef'-"(7' 1 ), 



induced by the restriction of cr^(^l) and <7g(„4), respectively (the choice of s > 
d— 1/2 is arbitrary). In the following let us write t+ = max(0,i). 

Theorem 6.1. For A G 7"^+ (M; (£ , Jo, Po), (E 1 , J u Vi)) the following state- 
ments are equivalent: 

(a) A is elliptic, i.e., has a parametrix 

B e T^< ( ^ )+ (M; [Ex, J 1( P x ), (E , J , P )) 

(b) For some s > /i+ — 1/2 







/ JJ S - 


-4 : P: © 


-►Pi 




\i/ s (aA/, Jo)/ 







is a Fredholm operator. 
(c) iJoi/i morphisms o~!i(A,'Po,T > i) and o~g (A, Po, Pi) are isomorphisms. 

In this case, (b) is true for arbitrary s > /i + — 1/2. 



^This means 



BA-V e r-°°'"+(M; (E , J ,V ), (E , J ,V )) 
AB-V^e r"°°' ( -" ) +(M; {E lt Ji,Vi), (Ei, Ji,Pi)). 
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Note that this result is both a generalization and strengthening of Theorem 2.2 of 
[SchOlj in the case d = Also here the crucial point is to reduce to the case of 
\i = s = 0. This is then a particular case of Theorems 13. 71 and 13.121 with 

L"(g)=B*°(M;(Eb,Jo),(tfi,Ji)), S= ((M,E ,J ),(M,Ei,Ji)) 
H S {M,E) 

H s (g)= © , g = (M,E,J). 
H s (dM, J) 

In fact, this reduction is possible, since one can show that for any bundles E and J 
there exist elements W 1 6 B fJ, '°(M; (E 7 J), (E 7 J)), fx £ Z, that induce isomorphisms 
H S (M,E) © H s [dM, J) -> H S ~>*(M,E) © H s -»(dM, J) and such that (W)- 1 = 
lZ-t_i ; sec Bo71J, RS82 , Gr96 . This also allows to obtain the spectral invariance, 
using Theorem 13.91 



Theorem 6.2. If A G 7~~ M ' M+ (M ; (Eg, Jq,Vo), {E\, Jx,Vi)) induces an isomorphism 

/H S {M,E )\ fH-»{M,Ei) 
A: To © — > Pi © 

\H s {dM,J )) \fr»-"(aAf,Ji) y 

/or some s > /i + — 1/2, t/ien /or a/Z s > /i + — 1/2 and 

A' 1 €T-^-' i) +(M;(E 1 ,J 1 ,V 1 ),(E ,J Q ,V Q )). 

6.4. The Stokes operator. We shall now apply the results of the previous 
subsection to the Stokes operator. We shall need the following result on the existence 
of reductions of orders in Toeplitz subalgebras. 

Lemma 6.3. Let Y be a closed Riemannian manifold and E a hermitian vector 
bundle over Y. Moreover, let P G L^(Y;E, E) be an orthogonal projection and 
fi£l. Then there exist R* e T*(F; (E, P), (E, P)) fort = fi and t = -fj, such that 
R^R-^ = R-»Rt* = P. 

Proof. We can assume \i > 0. Choose an S € L^(Y; E, E) which is invertiblc, 
symmetric, and satisfies 

(Su,u)>0, for all u e tf°°(Y,E), 

where (■, ■) is a scalar-product of L 2 (Y, E). Then R := PSP + (1 - P)S(l - P) is 
also symmetric and 

(Ru,u) = (SPu,Pu) + (S(l - P)u, (1 - P)u) > 0, for all u € ^°°{Y,E). 

Since the spectrum of elliptic and positiv operators consists of isolated positiv 
eigenvalues, we conclude that R is invertible with inverse in L^iY; E, E). However, 
then Rf* := PSP induces isomorphisms H S (Y,E,P) -> H S -^{Y,E,P). Due to 
spectral invariance, cf. Theorem 13.91 the claim follows. □ 
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Now let n > 2 be the dimension of M and let 

Ll(M, C n ) = {u £ L 2 (M, C n ) | divu = 0, 7 „u = o} 

denote the space of square integrable solenoidal vector fields; here we use the no- 
tation 

7« = u\dM, IvU = U-JU, 

where v denotes the outer normal of M. Also let us set 

H s a (M, C") = H S (M, C") n L 2 (Af, C"). 

It has been shown in |GS91j that there is a projection P g 6°<°(M; (C n , 0), (C™, 0)) 
(the Helmholtz projection, of course) such that 

H s a (M,C n ) = P(H s (M,C n )). 
Let us define the projection Q 6 L° cl (dM; C™, C") by 

(6.3) Qv = v — (v • v)v. 

This induces the orthogonal projection of H s (dAI,C n ) onto 

H°(dM,C n ) := {v e H s (dM,C n ) \ v v = 0}. 
This space arises by restricting solenoidal vector fields to the boundary, i.e., 

(6.4) 7 : H s a (M, C") — ► H s v {dM, C") 

surjectively, cf. Proposition 2.1 in [Gi81 . The Stokes operator (with Dirichlet 
boundary conditions) is now 

/ PA \ ur 2 (Af,c«) 

(6.5) : H s a {M,<C n ) — ► © 

V 7 / ijr 1/2 (Af,c n ) 

Due to Lemma l6~3l we can choose an i? S T 3 / 2 (<9Af; C n , C") inducing isomorphisms 
H*(M,C n ) -> Hl~ m {M,C n ) for all s, and then consider 

H s a - 2 {M, C") 



<-> (?K ™ 

Now we can rewrite (|6.6p in the form 
Setting 

T = Pe S°'°(M;(C™,0),C n ,0)), 

Pl = (o q) eB °'°( M; ( C " C"),(C",C")), 



H^~ 2 (M, C") 
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we obtain that A belongs to a Toeplitz subalgebra, 

AeT 2 ' 2 (M;{C n ,0,V )AC n ,C n ,V 1 )). 



Now (|6.5p is an isomorphism for s — 2, hence so is (16.61) . In fact, (|6.4p is surjective 
and the Dirichlet realization (|1.3p is known to be self-adjoint and positive, hence is 
an isomorphism. Then we can use the elementray fact that a linear map 

is an isomorphism if, and only if, T : H — > F is surjective and A : kerT — > E is an 
isomorphism. 

From Theorem [621 we can conclude that the invertibility of A holds for any s > 3/2 
and that the inverse is realized by an element of T~ 2 '°(M ; (C™, C", Vi), (C™, 0, V )). 
Reformulating this result for the original Stokes operator (|6.5[) yields the following: 

Theorem 6.4. The Stokes operator with Dirichlet boundary conditions, 

f pA \ H°- 2 (M,C n ) 



7 ' Htr 1/2 {M,C n ) 



H°(M,C n ) 
is invertible for any s > 3/2 and 

'P{A+ + G)P PKSQ 



(~r 

where P is the Helmholtz projection, Q the orthogonal projection from (|6.3p . S 6 
L~ 3/2 (dM:C n ,C n ), and 

(a + + G K^j e B~ 2 '°(M; (C", C"), (C n , 0)). 

Since operators from Boutet de Monvel's algebra are known to act continuously in 
Lp-Sobolev and Besov spaces, cf. [GK83 , the previous theorem remains valid in a 
corresponding L p - version with 1 < p < oo. 

Acknowledgements. The author thanks Robert Denk (Konstanz) and Jiirgen 
Saal (Darmstadt) for helpful discussions concerning the Stokes operator. 
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